Introduction
Let Y be a compact Kähler manifold with c 1 (Y ) = 0 and X be a compact complex manifold. We denote by Hol surj (X, Y ) the space of surjective holomorphic maps from X to Y . In [KSW, Theorem 2], the following result was proved.
Theorem 0 (Kalka-Shiffman-Wong) Let Y be a compact Kähler manifold of dimension n with c 1 (Y ) = 0. Then for any compact complex manifold X, Hol surj (X, Y ) is discrete if c n (Y ) = 0.
Although this result applies to many interesting examples such as K3-surfaces, it is not completely satisfactory because the geometric nature of Kähler manifolds satisfying c 1 (Y ) = 0 and c n (Y ) = 0 is not completely understood.
In this paper, we show that the idea of [KSW] can be easily generalized to any Y with c 1 (Y ) = 0 by a slight refinement of the argument. Of course, without any additional condition on Y , Hol surj (X, Y ) is not necessarily discrete. In fact, it is possible that the identity component A of the holomorphic automorphism group of Y has positive dimension, as in the case of complex tori. Then the composition of a given element of Hol surj (X, Y ) with elements of A gives a family of surjective holomorphic maps. Our result says that, up to a finite etale cover, this is the only way Hol surj (X, Y ) fails to be discrete. More precisely, we will prove the following. Recall that Y has a Ricci-flat Kähler metric by Yau's solution of Calabi conjecture [Y] .
Theorem 1 Let Y be a compact Ricci-flat Kähler manifold and X be a compact complex manifold. For any surjective holomorphic map f : X → Y , there exists a finite etale cover g : Z → Y with the following properties.
(1) There exists a surjective holomorphic map h :
(2) The two natural homomorphisms
are isomorphisms.
Recall that the identity component of the holomorphic automorphism group of a non-uniruled compact Kähler manifold is a complex torus (e.g. [F, Theorem 5.5] 
) is the Zariski tangent space to Hol surj (X, Y ) at the point corresponding to f (e.g., [H] ), Theorem 1 implies the following. In fact, if a Chern number of Y is non-zero, so is a Chern number of the etale cover Z. Thus Z cannot have a holomorphic vector field as explained in the last paragraph of [KSW] .
It is well-known that a compact Kähler manifold Y with c 1 (Y ) = 0 and π 1 (Y ) finite has no holomorphic vector fields (e.g., [B, p.759, Lemme] ). Thus we have the following corollary.
Corollary 3 Suppose Y is a compact Kähler manifold with c 1 (Y ) = 0 and |π 1 (Y )| < +∞, e.g. a Calabi-Yau manifold. Then Hol surj (X, Y ) is discrete for any compact complex manifold X.
After the first version of this paper was written, the following generalization of Theorem 1 was proved in [HKP] when Y is an algebraic variety.
Theorem [HKP] Let Y be a projective algebraic manifold with non-negative Kodaira dimension, or more generally, a projective algebraic manifold which is not covered by rational curves. Let X be a compact complex manifold. For any surjective holomorphic map f : X → Y , there exists a finite etale cover g : Z → Y with the following properties.
Corresponding generalizations of Corollary 1 and Corollary 3 follow. The method used in [HKP] is completely different from the current paper and depends heavily on the assumption that Y is algebraic. Whether the same statement holds for all compact Kähler manifolds of non-negative Kodaira dimension, which would be a full generalization of Theorem 1, remains open.
Proof of Theorem 1
The proof of Theorem 1 is based on the following two lemmata. Lemma 1 is contained in the proof of [KSW, Theorem 2], but we will give a full proof because the notation and an inequality there will be used in the proof of Lemma 2.
Lemma 1 Let j : W → Y be a finite holomorphic map from a complex variety W to a compact complex manifold Y with a Ricci-flat Kähler metric ω. Then for any section σ ∈ H 0 (W, j * T (Y )), its norm ||σ|| with respect to the metric on j * T (Y ) induced by ω is a constant function on W .
Proof. For a given non-zero section σ ∈ H 0 (W, j * T (Y )), let a = sup W ||σ|| > 0 and let w o ∈ W such that ||σ wo || = a. It suffices to show that ||σ|| ≡ a in a neighborhood of w o in W . 
Thus ||σ|| 2 attains its maximum at y o . Now we recall the following.
Bochner formula ( [B, p.760] or [KSW, Lemma 4] ) Let s be a holomorphic tensor on a Ricci-flat Kähler manifold. Then ∆(||s|| 2 ) = ||∇s|| 2 .
Applying it to s =σ, we have
Since it attains its maximum at an interior point y o , ||σ|| 2 must be constant on
Lemma 2 Let j : W o → Y o be a finite holomorphic map of degree λ from an irreducible complex variety W o to a complex manifold Y o having a Ricci-flat Kähler metric ω. Suppose for a point
be a section such that its norm ||σ|| with respect to the metric on j * T (Y o ) induced by ω is a constant function on W o . Then for any point y ∈ Y o and j −1 (y) = {w 1 , . . . , w λ } counting multiplicities,
Proof. Since ||σ|| is constant, we may regard ||σ wo || as the maximum value of ||σ|| and apply the argument in the proof of Lemma 1. By the equality ( †) in the proof of Lemma 1,
||σ w i || = λ||σ wo || for any y ∈ Y o and j −1 (y) = {w 1 , . . . , w λ }. This implies the desired equality
by the following elementary fact. 2
Sublemma Let v 1 , . . . , v λ be elements of a complex vector space equipped with a Hermitian inner product and corresponding norm || · ||. If
Proof. This follows from the identity
Now let X be a compact complex manifold and f : X → Y be a surjective holomorphic map. Letf :X → Y andf : X →X be the Stein factorization of f . Then we have a natural isomorphism
becausef has connected fibers. We define an equivalence relation R onX as follows. We say that two points x and
We claim that the quotientX →X/R ofX by the equivalence relation R exists as a holomorphic map to a complex analytic variety. Denote bŷ
the finite holomorphic map induced byf between the total spaces of vector bundles. Viewing each σ ∈ H 0 (X,f * T (Y )) as a holomorphic map
The natural holomorphic map h σ :X → X σ defined by the composition of σ andf * identifies two points x and x ′ ofX satisfying (a) and σ x = σ x ′ in the sense of (b). Thus the equivalence relation R is defined by the family of holomorphic maps {h σ :X → X σ | σ ∈ H 0 (X,f * T (Y ))} in the sense of [C, p.8, Remark] . Then the quotientX →X/R exists as a complex analytic variety by [C, p.7, Main Theorem] . This proves the claim.
Let Z be the normalization ofX/R. By (a), there exists a natural finite holomorphic map g : Z → Y . By (b), there exists a natural isomorphism
By (b) and Lemma 2, g must be an etale morphism. It follows that Z is smooth and T (Z) = g * T (Y ), which implies the desired equality
